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Abstract
In this note, we prove a concentration theorem of expanders. As a simple corollary, one can prove that
expanding sequences of graphs do not admit coarse embeddings into Hadamard manifolds with bounded
sectional curvatures.
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In [6], a concentration theorem of expanders for Banach spaces whose unit balls are uniformly
embeddable into Hilbert spaces is proved. We borrow the method and prove the following theo-
rem.
Theorem 1. Let M be a Hadamard manifold with bounded sectional curvatures. And let (V ,E)
be a (k, λ)-regular expander. Then there exists R > 0 such that for any f : V → M
1
|V |
∑
v∈V
d
(
f (v),m
)2 R2(Lip(f ) + 1)2,
where m is a point such that
∑
v∈V logm(f (v)) = 0.
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110 L. Shan / Journal of Functional Analysis 263 (2012) 109–114First, let us recall basic definitions of expanders (see [2] for more information and for ref-
erences). Let (V ,E) be a finite graph with the vertex set V and the edge set E. Denote the
cardinality of V and E by |V | = n and |E| = m. We also define an orientation on E. The dif-
ferential d : 2(V ) → 2(E) is defined by d(f )(e) = f (e+) − f (e−) for all f ∈ 2(V ) and
e = (e+, e−) ∈ E where e+ and e− are initial and end points of e respectively.
This differential d is an m × n matrix. The discrete Laplace operator  = d∗d , where d∗ is
the adjoint operator of d . This definition does not depend on the choice of the orientation of E.
 is self-adjoint and positive. Hence it has real nonnegative eigenvalues. Denote by λ1(V ) the
minimal positive eigenvalue of the discrete Laplace operator  of the graph (V ,E).
Definition 2. A (k, λ)-regular expander is a graph (V ,E) with a fixed degree k and λ1(V ) λ.
A sequence of graphs (Vn,En)n∈N of a fixed degree k and with |Vn| → ∞ is called an expanding
sequence of graphs if there is a positive constant λ such that λ1(Vn) λ for all n ∈N.
It is not an easy job to construct an expanding sequence of graphs. See [4,3,5] for explicit
constructions.
Proposition 3 (Concentration Property). Let (V ,E) be a (k, λ)-expander, and let R be a Eu-
clidean space ( finite or infinite dimensional). For any f : V → R
1
|V |
∑
v∈V
∥∥f (v) − m∥∥2
R
 k
2λ
Lip(f )2,
where m = 1|V |
∑
v∈V f (v).
This simply implies that an expanding sequence of graphs cannot admit coarse embeddings
into Euclidean spaces. And this is the property which catches the attention of noncommutative
geometers. See [9] for the relation with the Coarse Baum–Connes Conjecture.
Let M be a Hadamard manifold, i.e. M is a simply-connected complete Riemannian manifold
with nonpositive sectional curvatures. For any m ∈ M , the exponential map expm : TmM → M is
a diffeomorphism and the inverse of exponential map logm : M → TmM is a Lipschitz map with
Lipschitz constant 1.
For any m ∈ M and r > 0, define
ωm(r) = sup
{
dM
(
expm(x), expm(y)
) ∣∣ d(x, y) r, x, y ∈ TmM}.
By comparison theorem, we have the following lemma.
Lemma 4. Let M be a Hadamard manifold with bounded sectional curvatures. Then there exists
ω(r) such that for any m ∈ M , ωm(r) < ω(r) for all r > 0 and limr→0 ω(r) = 0.
The point m which appears in Theorem 1 does exist.
Lemma 5. (See [1].) Let M be a Hadamard manifold and m1, . . . ,mn ∈ M be n points. Then
there exists m ∈ M such that ∑ni=1 logm(mi) = 0.
To prove the main theorem, the following simple inequalities are useful.
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then
1
|V |
∑
v∈V
f (v)2  2R20 +
3k
2λ
Lip(f )2.
Proof. Define V1 = {v ∈ V | f (v)  R0} and V2 = V \ V1 with |V1|  |V |2 . Let n = |V | and
V1 = {v1, . . . , vk} and V2 = {vk+1, . . . , vn}, k  n2 and k  n − k. Let m = 1|V |
∑
v∈V f (v).
1
|V |
∑
v∈V
f (v)2 = 1|V |
∑
v∈V1
f (v)2 + 1|V |
∑
v∈V2
f (v)2
 1|V | |V1|R
2
0 +
1
|V |
n−k∑
i=1
(
f (vk+i ) − m − f (vi) + m + f (vi)
)2
 1|V | |V1|R
2
0 +
1
|V |
n−k∑
i=1
3
((
f (vk+i ) − m
)2 + (f (vi) − m)2 + f (vi)2)
 1|V | |V1|R
2
0 +
1
|V |
∑
v∈V
3
(
f (v) − m)2 + 1|V |3
n−k∑
i=1
f (vi)
2
 1|V | |V1|R
2
0 +
1
|V |
∑
v∈V
3
(
f (v) − m)2 + 1|V |3|V2|R20
= 2R20 +
3k
2λ
Lip(f )2,
where 1|V |
∑
v∈V 3(f (v) − m)2  3k2λ Lip(f )2 by Proposition 3 and 2|V2| |V |. 
Lemma 7. Let {xi ∈Rr | i = 1, . . . , n} and m = 1n
∑n
i=1 xi . For any x ∈Rr ,
n∑
i=1
‖xi − m‖2  4
n∑
i=1
‖xi − x‖2.
Proof. The proof consists of two simply computations.
n2
n∑
i=1
‖xi − m‖2 =
n∑
i=1
∥∥∥∥∥
n∑
j=1
(xi − xj )
∥∥∥∥∥
2

n∑
i=1
n
n∑
j=1
‖xi − xj‖2
 n
n∑
i=1
n∑
j=1
‖xi − xj‖2,
and
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i=1
n∑
j=1
‖xi − xj‖2 =
n∑
i=1
n∑
j=1
∥∥xi − x − (xj − x)∥∥2

n∑
i=1
n∑
j=1
2
(‖xi − x‖2 + ‖xj − x‖2)
= 4n
n∑
i=1
‖xi − x‖2.
Hence
n∑
i=1
‖xi − m‖2  4
n∑
i=1
‖xi − x‖2. 
Let (V ,E) be a (k, λ)-expander and let M be a Hadamard manifold. For f : V → M , define
Lip(f ) = max
{
d(f (v), f (w))
d(v,w)
∣∣∣ v,w ∈ V
}
.
For v ∈ V , define f˜ (v) the unique point on the unique geodesic ray starting from m and through
f (v) with d(f˜ (v),m) = d(f (v),m)Lip(f )+1 . Then
∑
v∈V logm(f˜ (v)) = 1Lip(f )+1
∑
v∈V logm(f (v)) = 0.
Define αv : [0,1] → M such that the image of αv is the geodesic connecting m and f (v) with
αv(0) = m, αv(1) = f (v) and d(αv(t),m) = td(m,f (v)). Since the distance function of M is
convex, we have d(αv(t), αw(t)) td(f (v), f (w)) for any v,w ∈ V . Hence Lip(f˜ ) < 1.
Now let us prove the main theorem.
Proof of Theorem 1. We prove the theorem by contradiction. Choose R > 0 large enough so that
R2  Nk
λ
and ω( 4k
λ
( 8
R
)2) < 19 for some integer N > 2011 to be determined, where ω is defined
in Lemma 4. Suppose that there exists a map f : V → M such that 1|V |
∑
v∈V d(f (v),m)2 >
R2(Lip(f ) + 1)2. Without loss of generality, we assume that 1|V |
∑
v∈V d(f (v),m)2 > R2 with
Lip(f ) < 1. Choose R0 > 0 such that there exists v0 ∈ V such that
∣∣{v ∈ V : d(f (v), f (v0))R0}∣∣ 34 |V |.
We assume that R0 attains its infimum with v0 under this condition. Define ‖f ‖ : V → R+
by ‖f ‖(v) = ‖ logm(f (v)) − logm(f (v0))‖ for all v ∈ V . Then Lip(‖f ‖)  Lip(f ) < 1 and
‖f ‖(v) d(f (v), f (v0)). So by Lemma 6 and Lemma 7
R2 <
1
|V |
∑
v∈V
d
(
f (v),m
)2 = 1|V |
∑
v∈V
∥∥logm(f (v))∥∥2
 4|V |
∑∥∥logm(f (v))− logm(f (v0))∥∥2  8R20 + 6kλ .
v∈V
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N−6
8N R
2 > N−68
k
λ
. Define
f˜ (v) =
⎧⎪⎨
⎪⎩
expf (v0)
( logf (v0)(f (v))
R0
)
if logf (v0)(f (v))R0,
expf (v0)
( logf (v0)(f (v))‖ logf (v0)(f (v))‖
)
if logf (v0)(f (v)) > R0.
Then Lip(f˜ )  2
R0
. Define g : V → Tf (v0)M by g = logf (v0) ◦f˜ . Hence Lipg  2R0 √
8N
N−6
2
R
 8
R
. So by Proposition 3
1
|V |
∑
v∈V
∥∥g(v) − mg∥∥2  k2λ
(
8
R
)2
= δ,
where mg = 1|V |
∑
v∈V g(v). It follows that for A = {v ∈ V : ‖g(v) − mg‖  4δ}, we have
|A|  34 |V |. Hence, for A1 = A ∩ {v ∈ V : d(f (v), f (v0))  R0}, we have |A1|  |V |2 . Choose
v1 ∈ A1. Note that for v ∈ A1, we have ‖g(v) − g(v1)‖  8δ and hence d(f (v), f (v1)) 
ωexpf (v0)
(8δ)R0  ω(8δ)R0  R09 by the assumption on R and Lemma 4. It follows that
∑
v∈V
d
(
f (v), f (v1)
)2 
(
2
81
R20 +
3k
2λ
)
|V |
(
2
81
+ 12
N − 6
)
R20 |V |.
Choose a sufficiently large N (for example N = 4000) so that ( 281 + 12N−6 )R20 |V |  136R20 |V |.
Therefore, we get
∣∣∣∣
{
v ∈ V : d(f (v), f (v1))> 13R0
}∣∣∣∣< 14 |V |,
i.e. ∣∣∣∣
{
v ∈ V : d(f (v), f (v1)) 13R0
}∣∣∣∣ 34 |V |,
which contradicts the minimality of R0. 
Let X,Y be two metric spaces. φ : X → Y is said to be a coarse embedding if there exist two
non-decreasing maps ρ1, ρ2 : [0,∞) → [0,∞) such that for all x, y ∈ X
ρ1
(
dX(x, y)
)
 dY
(
φ(x),φ(y)
)
 ρ2
(
dX(x, y)
)
and limt→∞ ρ1(t) = ∞.
A sequence of metric space (Xn) is said to be equi-coarsely embeddable into a metric space Y
if there exist φn : Xn → Y for all n ∈ N and two non-decreasing maps ρ1, ρ2 : [0,∞) → [0,∞)
such that for all xn, yn ∈ Xn
ρ1
(
dXn(xn, yn)
)
 dY
(
φn(xn),φn(yn)
)
 ρ2
(
dXn(xn, yn)
)
and limt→∞ ρ1(t) = ∞. The sequence (φn) is called an equi-coarse embedding of (Xn) into Y .
114 L. Shan / Journal of Functional Analysis 263 (2012) 109–114As a simple application of Theorem 1, we have the following corollary.
Corollary 8. An expanding sequence of graphs does not admit an equi-coarse embedding into
Hadamard manifolds with bounded sectional curvature.
See [7,8] for the relation with the Coarse Geometric Novikov Conjecture in this case.
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